








This is all there is? YES!! Scattering pattern is the

Fourier transform (FT) of the structure:
Amplitude and phase of waves is a
T_’ sum of waves from each atom j
&=

o F(s) = %, f el

Observe I(S) = F(s).F*(s)

Structure is the ‘inverse’
Fourier transform of the
Scattering pattern F(s)

p(r) = X F(s) el-2mcs)
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. . e ?
This is all there is® Scattering pattern is the

Fourier transform of the structure

S &' E(§) = zj fj e(ZTci[j.g)

Vi

Structure is the ‘inverse
Fourier transform of the
Scattering pattern

p(r) = X F(s) el-2mis)

F(h,k,!) = Zj fj e(2mi (hx;+ky;+1z))

p(XIyIZ) = z:h,k,l E(Mll) e (-2 (hx+ky+1z))
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This is all there is?

FT

FTL

PHASES-as colors !

Scattering pattern is the
Fourier transform of the structure

oa... S E(§) = ZJ fJ e(zni[jé)

Structure is the ‘inverse’
Fourier transform of the
Scattering pattern

5 p(E) = Z,E(S) ef2rs

E(h,k,l) = Zj fj e(ZTCi (hx+ky+1z))

p(x,Yy,z) = Zp i F(hk 1) et2mirs)
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E(§) duck

Relative Information in Intensities versus phases

p([) duck .h J p([) cat

|Fig)l
)

-

2(S) cat E(§) = zr p(r) e(ZTEir.S)

P |
5 p(r) = X Fg el27

d)(g) cat
Looks like a .....??7

c d

Figure 6.1 »  Relative amounts of information contained in reflection intensities and
phases. (@) and (b) Duck and cat, along with their Fourier transforms. (¢) Intensity (shading)
of the duck transform, combined with the phases (colors) of the cat transform. (d) Back-
transform of (¢) produces recognizable image of cat, but not duck. Phases contain more
information than intensities. Figure generously provided by Dr. Kevin Cowtan.
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E(§) duck

Relative Information in Intensities versus p h asSes

p([) duck h J p(t) cat

|Fig)l
)

| I:(§) | duc

I

d)(g) cat

c d

Figure 6.1 »  Relative amounts of information contained in reflection intensities and
phases. (@) and (b) Duck and cat, along with their Fourier transforms. (¢) Intensity (shading)
of the duck transform, combined with the phases (colors) of the cat transform. (d) Back-
transform of (¢) produces recognizable image of cat, but not duck. Phases contain more
information than intensities. Figure generously provided by Dr. Kevin Cowtan.
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“

(S) cat

E(§) - zj fj e(27cir.S)

P([) - % F(§) e(-2nir.S)

Looks like a CAT
PHASES DOMINATE:

-Incorrect phases = incorrect structure

-incorrect model = incorrect structure

-incorrect assumption = incorrect structure
66



a . b

L

c d

Figure 6.17 »  Structure determination by molecular replacement. (a) Unknown
structure, cat, and its diffraction pattern (not colored, because phases are unknown).
(b) Known structuré and phasing model, Manx cat, and transform computed from the model
(colored, because calculation of transform from a model tells us phases). (c) Manx-cat
phases combined with unknown-cat intensities. (d) Back-transform of (c). Intensities con-
tain enough information to reveal differences (the tail) between phasing model and unknown

structure.
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Phase determination by any means, ends up as a
probabilty distribution. So F |, &)

| F i ObS Then what to use for the best map?
p([) - ZE(g) e(-Zmr.S) ?

the signal towards
some F true will be

f¢ P(F(S)) cos (¢ k1) —Drue)

and the ‘noise ‘ will be

f¢ P(F(S)) sin (¢ k1) Drrue)

The map with the least noise will have
F(s) = center of mass of P(F(S))



Phase determination by any means, ends up as a
probabilty distribution. So F |, &)

P(F(s))

Oty
\(I)true

Then what to use for the best map?
P([) - ZE@) e(-27cir.S) ?

the signal towards
some F true will be

f¢ P( | F(§) | COS ((I)(h,k,l)—d)true)

and the ‘noise ‘ will be

f¢ P(|F(s)) sin (¢ ki) -Perue)

The map with the least noise will have
F(s) = center of mass of P(F(S))



Figure of merit weights to ‘minimum error’

Phase determination by any means, ends up as a
probabilty distribution. So F |, &)

m|F(s)| ¢

(best)

Then what to use for the best map?

p([)best - E(g) e(-27cir.S) ?

The map with the least noise will have

F(s) = center of mass of P(F(S))= [ 4P 4 F sin(¢—¢pesy)
isa minimum. Thenm = f¢ P ¢ F €OS (0—Qpest)/F

Signal = M| F(s)| Gpesyy = J 4 P-F

where m = figure of merit = fd) P ¢(F) F(s)
m = <cos Ap>

noise = [, F(s) sin A¢



If a map is produced with some ¢,
The probability of it being correct is I P i) (Phii)

Maximum value of P (¢(«)) gives the ‘Most probable” map

Map with the least mean square error, is when noise is minimum,
Int find ¢pesy) SUch that

Q= [ [IF] P (Dinmay) €XP (iniy) — Foest Ppest))12dO is minimum.

is minimum when dQ/dF, =0
SO Fpest D(pest) = f¢ |F1 Py (i) €XP (i) dO

Foest Opesty = M| F| center of ‘mass’ of the Probability distribution

where m= fq) P (i) (O (niry) COS( - Dipesty)
consider rms errors from one reflection, and its complex conjugate

<(Ap)?>=2/Vv?| o Pini) (Dininy) (SIN(D - D pesty))?

Then | F | best — fq) F COS((I) o (I)(best)) / F

Noise <(Ap)2>=2/V2 [ 4 F (sin (¢ — Prpesy)))?/F F(1-m?)

mF where m = [ F cos(¢ — @ pesy)



Figure of Merit

http: //bl831 als.lbl.gov/~ jamesh/mov1es/dephase mpeg




‘Difference maps’

-Define bound ligands

-to find any missing atoms during refinement,
-to find ligands

-define movements of protein or water
-determine ion positions

-determine changes in dynamic motion

©Robert M. Stroud 2022



Suppose we interpret 7 atoms; but 3 remain to be found in density

A

Result is a wave of
amplitude |F(S)] In reality, maybe 3 atoms are missing.
phase @(S) How to see what is missing?

i=v(-1)

v atoms scatt

Y .
_-sin(0) 1)
cos(0)
e = cos(Q) +i sin(0) f;=6 electrons
F(S) = fl a(2mir.S) 4 fz el2nir.§) 4

©Robert M. Stroud 2022 81



USES: 1. Determining missing regions
| F(§) | obs Compare with | F(§) | calc

Transform AF =| [F(S) | ops= |F(S) [ carc | ()
or

[2 | F(§) | obs+substrate” | F(§) | obs ] CD(§) | F(§) | observed
=a IZFO'FO map’

It is unbiased as to where theé missing
Atoms are.

phase O(S)

Robert M. Stroud 2022 86



USES: 2. Add a substrate, Grow a new crystal
Measure New |F(S) | opsrsubstrate COMpare with the apo-protein.

Transform AF =| [F(S) | opsrsubstrate | F(S) |ops | ©(S)

or

[2 | F(§) | obs+substrate” | F(§) | obs ] CD(§) | F(S) | observed + substrate
=a ‘2Fy-F, map’

It is unbiased as to where theé missing
substrate is.

phase O(S)

Robert M. Stroud 2022 87




A Dfference map shows 1/3 occupied NH3 sites and the role of D160 at
1.35A Resolution. Here are 0.3 NH; peaks!

Khademi..Stoud 2003
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Fo-Fc maps identify everything ordered that is 'missing’

10772 Biochemistry, Vol. 41, No. 35, 2002

Valiyaveetil et al.

FIGURE 1: Lipid molecules in KesA crystals. A stereoview of the KesA structure with electron density cormresponding to the lipid molecule.
The backbone of KesA is shown as a red and yellow trace. Green spheres represent potassium ion binding sites. The F, — F, map (contoured
at 30) was calculated using a model that does not contain lipid molecules. For clarity, density corresponding to only one of the lipid
molecules is shown. The KesA monomer consists of an N-terminal outer helix, a central pore helix, and a C-terminal inner helix. This

figure was prepared with MOLSCRIPT (37) and Raster3D (32).

-Eliminate Bias

-Half electron content

-See electrons

©Robert M. Stroud 2022

10774 Biochemistry, Vol. 41, No. 35, 2002

FIGURE 3: Structural analysis of lipid binding to KesA. (a) Binding
surface of the lipid molecule. The surface of KesA is colored
according to curvature (green, convex; gray, concave). The lipid
molecule, built as 1 2-diacylglycerol, is shown in CPK representa-
tion with oxygen atoms colored red and carbon atoms colored
yellow. (b) Lipid-binding site viewed from the extracellular side
along the 4-fold axis of KesA. The channel is colored blue. The
green sphere represents the potassium ion. The lipid molecule is
in CPK representation colored as in panel a. Panel a was prepared
with GRASP (33). Panel b was prepared with MOLSCRIPT (31)
and Raster3D (32).
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The closer you get —the lower the noise. A
Can see single electrons.

=L SER 221

.’« ‘ ¥ 7 _,j:
T @ Ne2 Oy
@@ﬁ
A /) y
N .

Figure 3 The catalytic triad. (A) Stereoview displaying Model H superimposed on the ZFS%C“(’model H phases) at 1 (aqua) and 4 (gold). The
densities for Cand N in His 64 are weaker than in Asp 32. The Asp 32 CO2 bond at 4 is continuous, while the density for the Cand O1 are
resolved. (B) Schematic of the catalytic residues and hydrogen bonded neighbors with thermal ellipsoid representation countered at 50%
probability (29). Catalytic triad residues Ser 221 and His 64 show larger thermal motion than the Asp 32. Solvent 01059 appears to be a
relatively rigid and integral part of the enzyme structure. (C) Catalytic hydrogen bond (CHB). A Fo Fc (model H phases) difference map
contoured at +2.5 (yellow) and 2.5 (red) and a 2Fo Fc (model H phases) electron density map contoured at 4 (gold). The position of the
short hydrogen atom (labeled HCHB) in the CHB is positioned in the positive electron density present between His 64 N1 and Asp 32 02.

Published in: Peter Kuhn; Mark Knapp; S. Michael Soltis; Grant Ganshaw; Michael Thoene; Richard Bott; Biochemistry 1998, 37, 13446-13452.

DOI: 10.1021/bi9813983
Copyright © 1998 American Chemical Society ©Robert M. Stroud 2022




Seeing small shifts
-down to +0.1A

Difference Map
noise ~“20% of noise in the parent protein &=~

-and only two peaks!
F1e. 8. Electron density for His57 in the DIP-trypsin Fourier map, computed for the plane

F16. 7. The peaks associated with His67 on the difference map. The lower peak is negative parallel to the imidazole ring.
density (—) while the other one is positive (+). The latter peak is a composite with a solvent
molecule density (see text).

TaBLE 1

Analysis of Fourier maps

AF o> = Calculatedt Observed} Observed Observed
Map (;';' (©) {dp*)t r.m.s. error highest noise highest peak
(e A-2) (e A-?) (e A-9) 8.D.§ (e A-3) 8.D.
BA-trypsin — DIP-trypsin 84-7 2.3 0-069 0-069 017 25 076 11
DIP-trypsin 573-0 21-0 0-38 e s - — _
1
. ) e A 2 —m3
1AF: (45 = 535 3 AF? (2—-mY),

1
Fppr: {dp?) = Vi Z Fipipr (1—m?),
Akl
(after Henderson & Moffat, 1971).

1 The observed root mean-square density error is based on a relatively featureless region of the map.
§ 8.D., the electron density given as a @RUiydet &It Béroalch2022 r.m.s. error.



Difference maps; to the last electron! Why?
Supplementary Proof of the ‘Random Walk’ calculation

©Robert M. Stroud 2022



231
The ‘Random Walk’ problem? (p33.1-33.3)

R Walk ™ e 24 - -
What is the average sum of (Wl’\a)rfs aca fovim M(V&Jﬁu,& Fww

-' }’D s e\aZﬂ ‘t&. ebocbvons
n steps in random directions? “ aterm=, “ < )

¢ &
_ t
(What is the average amplitude P~ ’77’ > n SZQ.P% &f% fl\
. celohoedy ramdlowl)
<|F(s)|> from an n atom structure?) O\ ( ~/ \ @M g
¢ - Lals
-AND why do we care?!........ %/kak \j
D pecled vobe
How much difference in <|F(s)|> from adding a Easie&‘(" o msiclwcf;;% B pinn oB)
4 carbon atom substrate? - F,,« loB\
mercury atom (f=80)? z *

©Robert M. Stroud 2022



The average intensity for an
n atom structure, each of f electrons
is <|>= nf?

The average amplitude is Square root
of n, times f

5.4
SO

(o8I Zﬂ z:rq’)(z fzvtce,>.j€1.

Z3e Pl ol &
d
Sines (P@) - T4 (‘*@W)

ly pe oloble
22 % f oo 2(gc-5) + L £ TE)
> oo

,ll

&
° Qm L—_“}Q%@"‘@')“ T =1
obH= N

e - 7 —@
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Cf’;’\ Lot pec” am &écz/@_cli 4&*@%\5‘7

25 K@¢ ()(O/&(\vx ~ 2500 af’owxs

jj v 7d&hm~geﬂdm

We measure T =[Fs)|°

L)Mﬂ’_(/ F(S) ’>"’ Josvo . T =5§0&é@1’m«§
&Mﬁ( < Foy > Jo Mitj 4 afowms’

(]AE@) > v \/7? 7 - | 4 elechons
'A{T(s) |A

A

Uk /_\F@ 5 a}a 'fO\MClW'
! );/LSQQ, b Fe) so The %@wwcq
v \F@)\ u)m mi\j oo
l/il A\j(%) s qelzaxlfov\s

oo <[AFI"b>/<"Ebﬁl> i 39?0 ~2.5%
<.AI>/<I> N 54 022







AXIOM: Forward FT {@==) Back FT-1 are Truly Inverse

Crystal 3 . : : J

Amplitudes F, \ | > | > Electron density p(x,y,z)
/ < ' | Fo-Fc| Difference Maps
Known:
Phases ¢y ) Amino acid sequence
Ligands

Bond lengths angles
Constraints on geometry

Alphafold Molecular Replacement
Similar molecule Replacement v
Experimental Atom positions (X,V,z)
heavy atom labels

selenium for sulfur

Trial & error similar structure




Change oneside  ¢wms) Change the other

4

> Electron density p(x,y,z)

Amplitudes Fy,\ ) ————>

-

PN

| Fo-Fc| Difference Maps

Phases ¢, )



Density Modification: Solvent Flattening

MM

Crystal

\

Intensities I,y > | > Electron density p(x,y,z)
n Known:
Phases ¢y ) Amino acid sequence

Ligands
Bond lengths angles
Constraints on geometry

Atom positions (x,y,z)



Density Modification: Solvent Flattening
Crystal

N A M

Intensities I,y > | > Electron density p(x,y,z)

-

Known:
Phases ¢ ) / Amino acid sequence
/ Ligands

Bond lengths angles
Constraints on geometry

./

Atom positions (x,y,z)




Refinement

* Least Squares Refinement is common when errors in observations are
presumed to be random errors that obey Gaussian statistics.

* Refine x,y;,z;, B,with respect to the F,

Minimize E =2,,1/02(k|Fops|-|Fearc|)? With respect to (xyzB); of all atoms.

To include an energy term, that constrains the structure toward acceptable
geometry

Minimize E = (1-w) Energy + w X, 1/6%(k| Fops |- | Feaic | )> Where w is the fractional
weighting on geometry versus X-ray terms. Energy has vdW, torsional restraints,
bond length and dihedral angles.

Maximum Likelihood refinement seeks the most probable solution most
consistent with all observations. ie Least squares refinement alone minimizes the
difference between |Fo| and |Fc].



Validation? R factors

e Use Current structure to calculate Amplitudes
* Fpepcalc  and  Phase,  calc

 Compare differences between Observed and
Calculated Amplitudes



%oﬁ—oﬂ,\, L'\vts . Iv\ké "
[ e
Rk m ol

| A 4&3@5 C»UQ hk¢ JZ&&
j ﬂ(wp(»f \r/l; ‘;o\os
0 %@ﬂ@
Zie!
, g(jc;lc. - 20}{'2’*;
» \éa%‘ . ;
L "lf",
. : ‘. ‘; o ) P
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Intensity = Amplitude?

How do we judge the
Quality of structure?

2. Overall quality criteria:
agreement of observations
with diffraction calculated
from the interpreted structure.

3. Since we refine the structure
To match the |, overfitting ?

Define R for a ‘hold-out ‘
set of observations.

4. 0K? R<20%, R free<25%

5. But the experimental errors
in measuring Fo are ™~ 3%.

inadequate models of solvent,
atom motion, anharmonicisity

6 Accuracy ~ 0.5*res*R
120



Residual “R” factors

Rcryst (OI' jUSt “R”) How well does structure match the observations?
observed vs calculated data (F(s))

Rfree Remove bias; leave some observations out of determination
cross-check with “random” subset of data
should be < 0.3 and < R,y + 0.1

Rsym = Rmerge How self consistent are observations that should be
identical? = measuring errors.

(self-consistency of data: Is)



“R” factors

= 2dFun

Z

completely random: 0.59
starting MR solution: 0.4-0.55
something still wrong?: > 0.3
correct chain trace: <0.2

small molecule: ~ 0.05



“R” factors

Reryst (Or just “R”)

observed vs calculated data (Fs)

Rfree
cross-check with “random” subset of data
should be < 0.3 and < Ry + 0.1



R

merge

2| Lows = (1)
merge 5 blows up
Z obs as lops — 0
completely random: 0.59

weak data (high angle): 0.7- 0
wrong symmetry choice?: ~0.2-0.55
small or disordered crystal: ~0.1-0.2

typical: ~0.05



